The eficient solution of many large-scale scientific calculations depends on adaptive mesh strategies. In this paper we present new parallel algorithms t o solve two significant problems that arise i n this context: the generation of the adaptive mesh and the mesh partitioning. The crux of our refinement algorithm (is the identification of independent sets of elements that can be refined in parallel. The objective of our partitioning heuristic is to construct partitions with good aspect ratios. W e present run-time bounds and computaiional results obtained on the Intel DELTA for these algorithms. These results demonstrate that the algoriithms exhibit scalable performance and have run-times small in comparison with other aspects of the computation.
Introduction
Adaptive mesh refinement techniques have been shown to be very successful in reducing the computation and storage requirements for determining approximate solutions to many partial differential equations (PDEs) [9] . Rather than using a uniform mesh with grid points evenly spaced on a domain, adaptive mesh refinement techniques place more grid points in areas where the solution is changing rapidly. The mesh is adaptively refined during the computation according to local error estimates on the domain. This technique is much more efficient than the use of structured meshes when the solution is changing much more rapidly in some areas than in others.
In this paper, we consider only two-dimensional simplicial meshes, i.e., a mesh of triangles. However, our algorithms are applicable to higher dimensions. Two basic algorithms exist for the refinement of triangles: (1) bisection, and (2) regular refinement. The bisection algorithm in its simplest form bisects the longest edge of a triangle to form two new triangles with equal area [lo] . The regular refinement algorithm divides a triangle into four similar triangles or, during a cleanup phase, into two triangles [l] . Both algorithms must finish with a conforming mesh; in a conforming mesh the edge of a triangle cannot contain a vertex other than its endpoints.
In both methods, the refinement of a single triangle usually causes a propagation of refinement to other mesh elements. This propagation ensures that the final mesh is graded and conforming. The two methods differ in how they handle this propagation. In Figure 1 , we show the operation of both of the algorithms as refinement occurs. The shaded triangles are triangles that have just been refined. The sequence of meshes from left to right shows how the refinement propagates to neighboring triangles.
Figure 1: The refinement of a mesh using regular refinement (top row) and bisection of the longest side (bottom row). Follow the mesh sequences from left to right. The shaded triangles have just been refined in that step.
Both of these algorithms have been shown to perform well on a variety of problems; it is difficult to make a choice between the two [9] . We have chosen to discuss and implement the bisection algorithm because of its simplicity; however, it is possible to modify the algorithms given in this paper for use with regular refinement.
Implicit in a discussion of parallel algorithms for mesh refinement on distributed memory computers is the problem of partitioning the mesh to processors. Clearly, the performance of the parallel refinement algorithm depends critically on the partitioning used and on how this partitioning is adjusted as the mesh is refined. We have developed and implemented a new parallel partitioning heuristic called unbalanced recursive bisection (URB). The goal of this heuristic is to maintain partitions with good geometric aspect ratios; this property helps to minimize interprocessor communication during both refinement and the repartitioning of elements after refinement.
In short, we will discuss two algorithms in this paper: (1) a parallel algorithm for adaptively refining meshes, and (2) an algorithm for partitioning these perturbed meshes. Our underlying goal for these algorithms and implementations is that their run-time for p processors be small relative to the solution time for the PDE on p processors, independent ofp. There are several variants of the serial bisection refinement algorithm. We consider the version given by Rivara [lo] . This bisection algorithm bisects triangles across the largest edge (dividing the largest angle) with division of noncompatible edges after the triangle has already been bisected once. This algorithm has been shown to yield triangulations whose smallest angle is bounded by at worst one-half the smallest angle in the inital mesh [ll] . The bisection refinement algorithm is given in Figure 2 .
Parallel Adaptive Refinement
Obviously, the refinement could propagate through many initially unmarked triangles before finishing. Rivara, however, has shown that this loop will terminate in a finite number of iterations, say L p iterations [lo] .
Our parallel refinement algorithm is formulated mainly within the context of the dual graph to the mesh, which we define as follows. Let V = {vi I i = 1,. . . , n } be the set of vertices in the mesh and T = {ta I a = 1 , . . ., m} be the set of triangles. We assume that the vertices are partitioned into disjoint subsets, V = 6 , such that processor i perform the parallel refinement algorithm (yet to be specified) on the triangles in Ti. We give an illustration of these sets for processor i in Figure 3 where the subpartition of the domain for processor i is defined by the orthogonal dashed lines.
is the set of filled vertices, R is the set of unfilled and filled vertices] T, is the set of shaded triangles, and 2. is the set of unshaded and shaded triangles. Note that can contain a triangle with no vertices in (for example, the triangle in the far upper right of Figure 3 ).
Also note that
can contain a vertex not contained in T, U adj(Ti) (for example, the vertex in the far left lower corner of Figure 3 ).
The serial bisection algorithm can run into two synchronization problems. First, if processor i refines triangle ta and processor j refines an adjacent triangle t b , it is possible that each processor could create a vertex at the same position. An example of such a collision is shown in Figure 4 , where processors PI and Pz are trying to refine adjacent triangles by bisecting the same edge. Second, to correctly perform operations such as sparse matrix assembly, vertices and triangles in (G -K , -T,) must be properly updated when they are changed by their owners on other processors. An example of a situation where neighbor information may not be updated properly is given in Figure 5 .
Here processors PI and P2 are trying to refine adjacent triangles simultaneously. Triangle U1 may believe that W rather W1 is its neighbor, and triangle W1 may believe that U rather U1 is its neighbor. and W1 leads to incorrect neighbor information.
We solve these synchronization problems by refining independent sets of triangles on different processors. Independent sets are chosen according to the Monte Carlo rule: t , E I if for each of its neighbors,
The complete algorithm is given in Figure 6 .
Based on local error estimates, a set of triangles, Q , Each triangle, t , , in Q is assigned a random
is marked for refinement.
Choose an independent set in D, I = g=l I,, from triangles in (Q U R), where I, = I n 1;. 
Each processor receives notification and We also have algorithms for mesh de-refinement (removal of unnecessary triangles and vertices), but we omit these because of space constraints.
We now show that this algorithm has a fast expected run-time under the P-RAM computational model. For this analysis we assume that we have as many processors as we have triangles. 
Proof:
We sketch the proof of this theorem as follows, a complete version is given in [SI. From [lo] , we have that L p is finite. We know that the graph Dk is a bounded degree graph; in fact, any node (triangle) has at most three neighbors. Given that this is a bounded degree graph, we use the algorithms and theorems in [7] to find EO( *) independent sets in a graph in time proportional to the number of independent sets, where n is the number of vertices in the graph. 0
Mesh (Re-)Partitioning
In this section we present a new partitioning heuristic that uses geometric information to partition the vertex set into equal sets. The goal of this heuristic is to obtain partitions with good aspect ratios. First, we review the goals of a partitioning heuristic.
Let II be a partitioning of the vertex set V = V;.. Recall that there exists an edge ( K , 5 ) in the quotient graph Q = G/II if and only if there exists an edge (u,z)) in G with U € VI and v E Vz. We would like to determine a partition, Ill with the following properties:
1. for load balancing, each partition should be nearly equal in size;
2. the cardinality of the set of cross edges, C E = { e i , j I V i E Vk,Vj E & , k # I } , is minimized to reduce the amount of data that must be communicated; and 3. the number of edges in Q is minimized to reduce the number of messages that must be sent, where Q = ( V Q , E Q ) , VQ is the set of processors, and E, = { ( i , j ) I 3ek,t, vk E K , z)l E 4).
Typically, we expect to have an initial partitioning problem to solve and then many repartitioning problems that arise as the mesh is adaptively (de-)refined. Both problems have been studied, and many interesting methods have been proposed. The partitioning problem in our context has four important features: (1) the geometric location of every vertex is available, (2) the perturbations to the meshes caused by refinement are often small and localized, (3) vertices should be moved from processor to processor as little as possible, and (4) large amounts of time cannot be spent partitioning the meshes because we do not wish to dominate the execution time with mesh algorithms.
We propose an inexpensive method that utilizes geometric information and allows for existing partitions to be perturbed when a small perturbation to the mesh occurs. This method is a variation of the orthogonal recursive bisection (ORB) algorithm [2]. The ORB algorithm makes an initial cut to divide the vertices into two sets of equal size. Orthogonal cuts are then made recursively in the new subdomains until the vertices are equally distributed among the processors. Although this algorithm obtains good load balancing, it can result in less than optimal communication requirements. Long, thin partitions may be created that have a large number of edges crossing the partition boundaries. In addition, these long, thin partitions may cause Q to be very dense.
To address this problem, we have developed a modification of ORB which we call unbalanced recursive bisection (URB). Instead of dividing the vertices into equal sets, we choose the cut that minimizes partition aspect ratio and divides the vertices into 9 and sized groups, where ra = IVl, p is the total number of processors, and k E { 1,2, . . . , p -1). This algorithm leads to an equal distribution of grid points with better partition aspect ratios than the ORB algorithm. In fact, we conjecture that the aspect ratio of the partition generated by the URB heuristic is largely independent of p , the number of processors, for the meshes arising from refinement algorithms that yield graded meshes. It has been shown that for the ORB heuristic, partitions can be adjacent to O(Ji3) other partitions [2].
To repartition a perturbed mesh without massive movement of vertices, we simply perturb the cuts in the existing partition to rebalance the sizes of K . If no such perturbation exists or if the perturbation would result in poor aspect ratios, then the mesh is repartitioned from scratch. As we will show in the results section, if the partition can be perturbed, the number of vertices that must move from one partition to another is small; otherwise most vertices will be moved (as in most partitioning algorithms).
One point worth noting is that methods, such as ORB and URB, that yield convex polygonal partitions make the scalable mapping of vertices to partitions trivial given the geometric location of a vertex. For methods that do not yield convex polygons, the mapping of vertices to partitions in a scalable manner becomes problematic.
Finally, we note that currently we do not handle the assignment problem in a sophisticated manner. We mainly rely on our target architectures to have wormhole routing that reduces the effect of distance between communicating nodes. We plan to utilize a more sophisticated technique such as that given in [5].
Experimental Results
gives the maximum sized area ratio between two triangles in the mesh. We have implemented these algorithms in a library of routines that is called by an application program. The software uses Chameleon [4] to achieve porta- 2 ax2 axay These equations are solved on an annulus with a constant load on one side and the opposite side fixed. We use linear basis functions in our finite element formulation. We selectively refine the mesh according to the element energy norm until the local error estimate at each triangle is acceptable. The linear systems arising from the problem are solved with the same code we used for the Poisson problem.
The maximum sizes of the adaptive meshes generated for the two problem sets are given in In Table 2 we show the number of times each mesh was refined during the solution process; the number of processors used is given in the column labeled P. In addition, we show the number of iterations through the loop in the algorithm in Figure 6 . We observe that, as expected, it takes more mesh refinement steps to construct the larger meshes. We also see that the number of loop iterations needed is a slowly growing function of the number of processors. This result indicates that we can, in general, expect scalable performance. Such a result is not surprising given the run-time results of theorem in the preceding section.
Note that a good partitioning of the vertices for each of these problems is necessary for our refinement algorithm to perform efficiently. In Table 3 we give the average number of subpartitions that are adjacent to a given subpartition (average degree of the quotient graph, &). This measure gives some sense of the number of processors each processors overlaps triangles with and must exchange information with. Also given is the percentage of the total triangle edges that have endpoints on two different processors. This gives Problem Name P Num. of Avg. Num.
Ref. Steps
Loop Its. Name POISSON1 POISSON2
some sense of the number of triangles each processor has that must be coordinated with some other processor. We see that these values rapidly rise, as one would expect, until approximately 16 processors. After this point, they very slowly increase with the number of processors. Our experiments were run on up to 256 nodes of the Intel DELTA. The DELTA is a mesh-connected, 16 x 32 array of Intel i860 microprocessors. Because of constraints on the amount of time available to us on the DELTA, we did not run the 512-processor case. We believe, however, that the results presented convincingly demonstrate the effectiveness of our algorithms. All of our experimental rates and times given in Tables 5 and 6 are computed in seconds. Operations rates indicate the number of bisections and vertex deletions (note that vertex deletions correspond to de-refinement and constitute a small percentage of the total) per second.
To demonstrate the scalability of our algorithm and implementation, we ran both problem sets on the DELTA in such a way that the number of vertices in the final mesh assigned to an individual processor was constant. By nature, each of the test problems is refined in localized regions of the mesh; therefore, we expect that some processors will have more work than others. This is reflected in Table 4 , where we give the average number of operations per processors per step and the average of the maximum number of operations on a single processor per step. The average number of operations falls as the number of processors increases; this is because we are taking more refinement steps to achieve the same number of vertices per processor in the final mesh. The average maximum number of operations increases because, as we increase the mesh size, more refinement is concentrated in the same size area in which a limited number of processors are working.
Even given these handicaps, we show that the algorithm performs quite well. In Table 5 Table 6 , we demonstrate that for a reasonably complex set of problems, the time to solve the linear systems dominates the time! to refine the mesh for any number of processors. In fact, we can see that the total refinement time is always less than one percent of the total execution time.
Conclusions
We have presented two new parallel algorithms: an algorithm for the adaptive refinement of meshes, and a partitioning heuristic. We have reviewed a result showing that the refinement algorithm has a provably fast running time under a P-RAM model of computation. In addition, we described an efficient method of implementation for this algorithm on a practical, distributed-memory parallel computer. We have given results for two problems that demonstrate the scalable nature of the refinement algorithm and the good geometric properties of the URB partitioning heuristic. The results given in this paper are for twodimensional triangular meshes. However, the use of independent sets for parallel synchronization generalizes to the three-dimensional case and can be used to implement other refinement algorithms. The next logical step in this work is to develop theoretical results for three-dimensional tetrahedralizations as well as a practical, parallel implementation for three dimensions. In addition, we note that the use of higher-order basis functions is straightforward in this methodology; we expect to include this functionality in the current parallel implementation.
